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Vh . Abstract 

a 

We construct Grassmann spaces associated with the incidence geometry of 
regular and tangential subspaces of a symplectic copolar space, show that the 
underlying metric projective space can be recovered in terms of the correspond- 
ing adjacencies on so distinguished family of fc-subspaces (2k + 1 ^ geometrical 
dimension of the space), and thus we prove that bijections which preserve the 
adjacency are determined by automorphisms of the underlying space. 
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Introduction 

#o ■ It is a classical result that the projective geometry can be recovered from its as- 

£> . sociated Grassmann space (cf. [T], [2T], [IB]) and adjacency preserving bijections 

of projective /c-subspaces (2k + 1 / the dimension of the space) are determined 

by collineations (cf. e.g. [9]). How to transfer these notions to metric projective 

CN ■ geometry to obtain reasonable results? 

(T) | Several distinct ways lead to problems investigated in this paper. Let us consider 

a metric projective geometry i.e. a projective space *}3 equipped with a nondegen- 
erate polarity x. In a more specific sense, let us consider a vector space V (which 
represents *}}) equipped with a nondegenerate bilinear reflexive form £ (which de- 
termines yc and the conjugacy _L). We also assume that the coordinate field of V 
has characteristic ^ 2. If ind(£) > 1 then the geometry of (*P, _L) can be expressed 
in terms of the associated polar space, whose points are the isotropic (singular) 
points of ^3 and whose lines are the isotropic lines (cf. [22], [3]). This geometry 
can be also expressed in terms of the adjacency: binary collinearity of points. This 
result can be extended to isotropic subspaces of higher dimensions, and on isotropic 
subspaces Grassmann spaces can be defined quite naturally (cf. [17]). Analogous 
results remain valid for amne polar spaces ("polar spaces" associated with metric 
affine geometries, cf. [5], [IS])- But within (^3, -L) isotropic subspaces are "most" 
degenerate. "Least" degenerate and "opposite" to isotropic are regular (radical- 
free) subspaces, which are more suitable to develop the geometry especially when 
reflections are considered (cf. [20 ). 

If ind(£) ^ and £ is symmetric then the structure of regular points and regular 
lines is equivalent to the underlying metric projective space. One can also extend 
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this result to regular subspaces of higher dimensions defining associated Grassmann 
spaces of regulars subspaces. The underlying metric projective geometry can be 
expressed in terms of such Grassmannians (cf. Q.9J). However, if £ is symplectic 
(anti-symmetric or skew-symmetric in other words) then no point is regular and the 
above, so elegant approach fails. Instead, one can consider symplectic copolar space 
(cf. [TT], [13], also called hyperbolic symplectic space, cf. [TU]) with the isotropic 
points and the regular lines. How to extend this approach to higher dimensions? 

Secondly, if £ is symmetric then quite interesting geometry arises when we con- 
sider the structure of regular points and so called tangential lines (lines, which 
contain exactly one nonregular point, cf. [7]). If £ is symplectic, then such a struc- 
ture has no sense, but instead, we can consider the structure with regular lines 
and tangential planes. Here, a tangential subspace is defined as a subspace, whose 
radical is a point. 

All of that suggests that extending all the machinery of adjacency and Grass- 
mann spaces to symplectic copolar spaces one should investigate "best possible": 
regular subspaces of even (linearly computed) dimensions and tangential subspaces 
of odd dimensions. And indeed, as we prove in this paper, classical results con- 
cerning geometry of Grassmannians remain valid: the underlying metric projective 
geometry can be expressed in terms of Grassmann spaces of such a family of sub- 
spaces, and an analogue of Chow Theorem (cf. [3J, [5]) holds i.e. bijections which 
preserve the adjacency are determined by automorphisms of the underlying metric 
projective space. 

1 Notions, results 

Let V be a vector space with the field of scalars of char ^ 2, let a non degenerate 
symplectic form £ be defined on V, and let n = dim(V). Then n = 2m, where 
m = ind(£). 

Let Sub(V) (Subfc(V), resp.) stand for all the (all the fc-dimensional) subspaces 
of V. For any "K C Sub(V) and integer k we write "K k = "K n Sub fc (V). 
The structure 

jp :=Pl (V) := (Sub!(V),Sub 2 (V),c) 

is the projective space over V. In what follows we shall refer mostly to linear 
dimension, so a point of *p has dimension 1, a line has dimension 2 and so on. The 
orthogonality _L determined by £ is defined by the condition 

U t ± U t <^=> £(E/i, U 2 ) = 0, for U 1} U 2 G Sub(V). 

For u, v 6 V and U € Sub(V) we write u _L U if (u) J- U and u _L v if (u) _L (v) 
i.e. if £(u,v) = 0. Set U L := {u G V : U ± u} and then Rad(U) := U n U L . Write 
rdim(C7) = dim(Rad(C/)). 

The structure (*p, _L) is called a symplectic (metric-) projective space. 

Let U £ Sub(V). The subspace U is isotropic (the terms totally isotropic and 
singular are also used) if U _L U; if U is isotropic then dim(C7) < m. The subspace 
U is regular iff Rad([/) is the zero-subspace of V. In other words, U is regular if 
the form £ |" U is nondegenerate. Let Q stand for the class of isotropic subspaces 
of V and let R stand for the class of regular subspaces of V. Since £ is symplectic, 
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R fc ± yields 2 | k. In particular, Ri = and Qi = Subi(V). Moreover, Sub 2 (V) = 
Q2 U R2; i.e. a line of ^ is either regular or isotropic. 

A subspace U of V will be called tangential (cf. [7]) if Rad([/) is a projective 
point i.e. if rdim(?7) = 1. Let T be the class of the tangential subspaces of V. It is 
evident that T k / yields 2 \ k. 

The following evident observation is worth to note 

Fact 1.1. Let U G Sub(V). The following conditions are equivalent: 

(i) U G T; 

(ii) there are Uq G R and a point p C Uq such that U = Uq+ p. 

Fact 1.2 ([El Lemma 1.2, Cor. 1.3]). Let Y G Sub(V). IfYDXeR(YcX£ 
R) t/ien rdim(y) < codimy(X) (rdim(Y) < codimx(Y), resp.). 

Consequently, if Y contains a regular hyperplane or Y is a hyperplane of a 
regular subspace then Y is tangential. 

Let us consider the incidence geometry T = ((T-R) fc : k = 0, . . . , n), where 

, , J R fc when 2 | k 
{i-^k j Tfc w hen 2 j(k ' 

In a more concise way we can simply write 

(1) (T-R) = {U G Sub(V) : rdim(C7) < 1} . 

Our incidence geometry T is a quasi Curtis-Phan-Tits as introduced in [S] Sec. 3] 

(cf. also [8], [12], [13]). The family (T-R) fc is the set of all objects of type k in this 

geometry. 

Note that the family (T-R) remains invariant under the map 

k: Sub(V) BUt—tU- 1 . 

We adopt the following convention. 

- Let H G Sub fc _i(V), B G Sub fc+1 (V). 

A projective top is a set of the form T oc (i?) = {U G Subfc(V) : U C B} and 
a projective star is a set of the form S tx (ff) = {U G Sub^.(V): H C U}. For 
H C .B a projective pencil is a set of the form p oc (ff, i?) = T oc (i?) n S oc (//). 
The class of projective pencils will be denoted by V k = V^(Y). 

-Let He (T-R) fe _ 1; 5 G (T-R) fe+1 . 

A (T-R)-top is a set of the form T(B) = {U G (T-R) fc :(/cB}anda (Te- 
ster is a set of the form S(H) = {U G (T-R) fc : # C [/}. Clearly, T(5) C 
T 0C ( J B) and S(iT) C S 0C (iJ). For tf C B a (T-R)-penctJ is a set of the form 
p(-ff, B) = T(B)nS(H). The class of nonempty (T-R)-pencils will be denoted 
by V k = V k ((T-R)). 

From [L~21 we immediately get 

Fact 1.3. 

(i) Let H G Rfc_i, H C B G R fc+ i- T/ien p 0C (F, B) C T. 
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(ii) Let H G Sub fc _i(V), H C B £ Sub fc+ i(V) ; and p^tf, B)nR t / 0. Then 
H,B eT. 

In view of 11.31 following a standard way (cf. [335], [B]) one can construct the 
Grassmann space (or the space of pencils in other words) 

P fc (T-R) = ((T-R) fc ,n((T-R))) 

for every integer 1 < k < n — 1. In particular (cf. II. 1|) . each regular subspace 
and each tangential subspace is in a pencil, and each pencil, if nonempty, has at 
least two elements. Therefore, P/ C (T-R) is a partial linear space. The map k 
yields an isomorphism of Pfc(T-R) and P n _fe(T-R). Let us also point out that 
our Grassmann space Pfc(T-R) can be viewed as a specific shadow space of the 
Curtis-Phan-Tits geometry T (cf. [HI Sec. 4]). 

In view of ll.3| there is no way to define a space of pencils associated with regular 
subspaces alone, i.e. with the incidence geometry (R& : 1 < k < n — 1). That is why 
we need the geometry with both regular and tangential subspaces in symplectic case. 

Clearly, the notion of a tangential subspace makes sense in arbitrary metric 
projective geometry determined by a reflexive nondegenerate form (cf. [7]). In the 
case of a symmetric form £ one can consider incidence geometries with tangential 
subspaces of arbitrary dimension only, or with tangential and isotropic, or with 
tangential and regular; in each case a reasonable incidence geometry arises and 
sensible Grassmann spaces can be investigated. Many of the lemmas which we 
prove in the paper remain valid for a symmetric form £. However, we do not intend 
to develop the general theory of Grassmannians of regular and tangential subspaces. 
In essence, our intention is to show how to enrich the class of regular subspaces of 
a symplectic geometry, as easily as possible, to be able to construct a reasonable 
Grassmann space over it and obtain analogous results as in the case of symmetric 
form and regular subspaces alone. 

For U, W e (T-R) fc we write U ~ W when U, W are collinear in P fc (T-R). The 
goal of this paper is to prove 

Theorem 1.4. Let k^n — k. Then the underlying projective symplectic geometry 
(Cp, -L) can be defined in terms of the adjacency <** on (T-R) fc ; consequently, (^3, _L 
) can be defined in terms of the geometry of its Grassmann space P^(T-R). In 
particular, when 2 \ k, then (^3, _L) can be defined in terms of the adjacency r* on 
its regular k-subspaces (T-R) fe = R^. 

For this purpose we first prove 

Proposition 1.5. Let k / n - k. If k > 1 then P fe _ 1 (T-R) can be defined in 
terms of the binary adjacency relation ^ on (T-R) fe and consequently, it can be 
defined in terms of P&(T-R). If k < n — 1 then P/ c+ i(T-R) can be defined in 
terms of the binary adjacency relation ^ on (T-R) fe so, it can be defined in terms 
of P fc (T-R). 

In case k = 1, the Grassmann space Pi(T-R) is isomorphic to the structure 
1H = ((T-R) l5 (T-R) 2 , c), which is a copolar space embedded in *}3 (cf. [TT], [S], 
[15] . and [H]); it is simply the line-complement of the corresponding polar space 
(Subi(V), Q2, c). Informally, we can say that the incidence geometry ([T]) is defined 
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over subspaces of 9\ and write Pfc(T-R) = Pfe_i(*H). This approach, however, 
makes it hard to characterize tangential and regular subspaces in the language of 
pure incidence structure 9^. 

The validity of Theorem 11.41 in case k = 1 is a consequence of elementary prop- 
erties of polar spaces (cf. ()28j) in Sec. E|). Therefore, by induction, Theorem 11.41 
follows from II .51 As a corollary to 11.41 we obtain 

Corollary 1.6 (A variant of Chow Theorem). Let k ^ n — k. The three classes 
of maps of (T-R) fc : 

- the automorphisms of Pfc(T-R), 

- the bijections which preserve the adjacency ^ (in both directions), 

- the collineations of *p preserving the conjugacy _l_ and acting on (T-R) fc . 

all coincide. 

If k = n — k then a bijection of (T-R) fc which preserves p*> is either determined 
by an automorphism of (*}3, _L) or it is a composition of the duality x and the map 
determined by an automorphism of (*p, _l_) . 

Frequently (cf. e.g. [17], [IE]), dealing with incidence geometry like ([I]), two 
more adjacencies are considered: for U,W £ (T-R) fe we write U ~_ W when 
UHW e (T-R) fc _ x , and U ~+ W when U / W and U, W C B for some B G 
(T-R) fe+1 . Clearly, U ~ W iff U ~_ W and U ~+ W. If 2 | k then ^, ~_, and 
~+ coincide on (T-R) fc . (cf. (|12p in Sec. [2]). However, if 2 J( k then the relations 
f^,~_,~ + on (T-R) fe are pairwise distinct. To complete the results, we prove also 
the following. 

Theorem 1.7. Let 2 /k. and 1 < k < n— 1. For k ^ 1, the underlying projective 
symplectic geometry can be defined in terms o/~_ on T&, and for k ^ re— 1 in terms 
°/~ + on IV Consequently, a bijection ofT^ which preserves in both directions the 
relation ~_ or preserves in both directions the relation ~ + is determined by an 
automorphism of the underlying projective symplectic space. 

After a quite technical analysis of geometry of Grassmannians P^(T-R) in the 
first two subsections of Sec. [21 we give complete proofs of Proposition [T3J Theorems 
OJE3 and Corollary [TU] in Subs. ESI Some results, e.g. ©, ©, CED, fl27J, and 
(|29p . seem to be interesting also on their own right. 

2 Technical details and proof of Theorems 

2.1 Triangles and planes of a symplectic copolar space 

In the remainder of this paper we shall need some more information on triangles of 
symplectic copolar spaces. We gather these in the following list. Most of them are 
folklore, but some are given with a short proof for completeness sake. 

Fact 2.1. 

(i) Let 01,02 be distinct projective points. Then 01,02 are collinear in 91 iff 
«i / a 2 . 
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(ii) A projective plane ir contains a triangle of$\ iff rdim(n) = 1 i.e. iff it £ T. 

(iii) If rdim(7r) = 1 then each projective line on ir is either isotropic and passes 
through p = Rad(7r), or it is regular and misses p. 

Let 7r £ T3 (i.e. let ir be a tangential plane). We write 7r°° = Rad(7r) and 

M=^\K°}. 

(iv) Let a plane it £ T contain a triangle A with regular sides. Then the set A 
of points on lines of ^K which cross all the sides of IS. coincides with [ir]. This can 
be read as follows: a triangle spans a plane of 9% which is a dual affine plane, cf. 
|S], HDI, and PI]. 

(v) Let planes 7Ti,7T2 £ T have a regular line L in common. There is a tetra- 
hedron with regular edges, whose one edge is L, one face is in tk\, and other in tt2- 

Proof. Let pi = Rad(7Tj) for i = 1,2. Then pi,P2 £ L, since otherwise (say, 
p\ £ L), we would get p± £ L ± p±, so p\ £ Rad(L). Take any a\ £ it\ \ (L U {pi})- 
Suppose that a\ _L (7^ \ (L U {^2}))- Then a\ _L tt2 and thus a\ _L L, which gives 
«1 _L L + ai = 7Ti and a\ = p\. Consequently, there is a<i € 1T2 \ {L U {P2}) with 
«1 X a 2 and then 01,02 are on a regular line. One can easily find 03,04 € L such 
that 01,02 X 03, 04. □ 

Write 7Ti A 7T2 iff there is a tetrahedron as in (jvj) 

(vi) Lei planes 7Ti,7T2 £ T /iave an isotropic line L in common. Let 03,04 € L ; 
°3) a 4 7^ Rad(7ri),Rad(7T2) ; and 03 7^ 04. Then there are ai £ 7Tj \ L such that 
01 / 02 and 01,02 / 03,04, so 01,02,03 and 01,02,04 span too planes 7ri,7r 2 £ T 
wi/i common regular line M = a\ + 02- By the above, 71^ A vr^. 

Proof. From assumption, L _L L. Write pj = Rad(7Tj). Then p±,p2 £ L- Let 
ai £ 7Ti \ L be arbitrary. Then p\ _L ai; if ai _L 03 or ai _L 04 then ai _L L and thus 
01 _L 7Ti. As above, we find 02 £ 7T2 \ L with 01 / 02 and we are through. □ 



Write 7Ti A 7T2 iff there are planes tt[ , w'2 as in (jvl| . 
In view of (jvj) and (jvTj) . we obtain 

(vii) Lei 7Ti,7T2 &e too tangential planes. If \[tt±] n [772] | > 2 rj/ien 7Ti A 7T2 or 

7Tl A 7T2 . 

(viii) Any too planes in T can 6e joined by a sequence (7^ : £ = 0, . . . , t) of tan- 
gential planes such that |[7Tj_i] D [ni}\ > 2 for i = 1, . . . ,t. 

Proof. By @, any two points a', a" can be joined in 1H by a path (sometimes also 
called a polygonal path, which by the way is of length < 2 here). Let ao, ■ ■ ■ ,at 
be such a path in 9\ that joins a', a" and let Li be the line through oj_i,Oj for 
i = l,...,t. By (jTv|), any two consecutive sides Lj,Lj + i lie in a plane 7Tj £ T, 
i = 1, . . . , t — 1. Let 7r', 7r" £ T2; take regular lines L' in 7r' and L" in tt" and points 
a' on L', a" on L". Taking ttq = L' + Li if L' is not on 7Ti and ttq = tt\ otherwise, 
and similarly, nt = Lt + L" or nt = irt~i w e obtain a desired sequence of planes. □ 
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(ix) For each point pofJi there is a tangential plane ir such that p € [ir]. 

Proof. First, we take any point q such that q JL p and let L be a line through 
p, q. Next, let it be a plane that contains L. Then L is regular, so ir is tangential. 
By (jnlj) . L misses Rad(7r) and thus p ^ Rad(-7r). □ 



Let us write A for the transitive closure of the relation A U A. By (jviij) . 
(|viii|) . and (jixj) we obtain 

(x) Let A be any triangle of 9\. Then the set of points of 91 is the union 
(2) A = |J [A 7 : A 7 k A, A' is a trianglel . 

Let 01,02 be points of 9\. Write a\ ~ 02 when ai,a2 are collinear in D\. 
In view of (jTJ), i/ie orthogonality of points is definable in 1H; a\ _L 02 «if ai = 02 or 

<2i / 02- 

(xi) Let ai, 02,61,62 be four points of D\ such that a\ ~ 02, 61 96 62, anda\,02 ~ 
61,62 fc/. fjva]> J. T/ien t/iere are points ci,C2 swc/i i/iai ci 9^ C2 and 01,02,61,62 ~ 
ci,c 2 . 

Proof. Let L be the line through 01, 02- Suppose, first, that 61, 62 are on a plane 
7r through L. Then n is tangential; let p = Rad(-7r), so the line M through 61,62 is 
isotropic and it passes through p. Clearly, 61,62 7^ p, as the lines b\,ai and 62,^ 
are not isotropic. We take any line Mq 7^ M through p that misses a%, ai. Any two 
points ci, C2 on Mq that are distinct from p and not lie on L satisfy our requirements. 

If there is no plane through L which contains 61 , 62 then the lines L and M are 
skew and they span a projective 3-space T (linearly, dim(r) =4); as T contains L, 
rdim(r) < 2, and as r/Rad(r) is nondegenerate 2 | (4 — rdim(T)). Consequently, 
there are two cases to consider. Firstly, if Rad(r) is a line K then isotropic lines 
in r are exactly the projective lines which cross K; in particular, M crosses K in a 
point p. Let 7Tj = K + a% for i = 1,2; then M is neither contained in wi nor in 7T2. 
Let 7r be a plane that contains M and does not contain K; then ttHK = p. Let Mq 
be other line in tt that passes through p and is not contained in m , TT2 ■ For each 
i = 1, 2 there is at most one point on Mq which is not collinear with m (as otherwise, 
Mq is contained in 7Tj). Thus one can find on Mq two points ci,C2 distinct from p 
and collinear with 01,02- From construction, 61,62 ~ ci,C2 and 61 9^ c<i. Secondly, 
let r be regular; then ind(£ \ T) < 2, so each plane in T is tangential. Let tti be the 
plane spanned by 01,02, 62, M be a line through p = Rad(7i"i) contained in -k\ and 
missing 01,02,62, 1^2 be the plane through M, 61, and q = Rad(7T2). Since M C ^ 
is isotropic, by (jnTJ, q C M. Take ci,C2 on M distinct from p, q; then c\ 9^ C2. By 
(HUD, ci,c 2 ~ 01,02,61,62- □ 



(xii) Let 01,02,03 be a triangle in 9\. There are points 61,62,63 such that 
oi, o 2 , a 3 ~ 61, 6 2 , 63, 61 / 6 2 , 63, and 6 2 ~ 63. 
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Proof. Let -k\ be the plane spanned by 01, 02, a 3- Then m G T3 and one can find 
r G R4 with 7r C r. Let us restrict to T considered as a 3-dimensional symplectic 
projective space. As above, each plane contained in T is tangential. One can 
complete in V given triangle to a tetrahedron ai, 02, 03, 63. Let us take on -k\ a line 
L through p = Rad(7Ti) which misses 01,02,03; let tt2 be the plane through L, 63, 
and let q = Rad(7T2). tx^ contains an isotropic line L, so L contains q. Suppose 
that p = q; then p _L iti,tt2 gives p _L T, a contradiction. Set b\ := q. Then 
b\ ~ 01, 02, 03. Let 62 be a point on L distinct from p, q. By (jm|) . considering 7Ti we 
get 62 ~ 01,02,03, 61 9^ 62, and considering 7T2 we get 62 ~ ^3, ^3 7^ ^i- D 

Now we are going to reconstruct the Grassmann space Pfc(T-R) in terms of 
binary adjacency pw. This involves the family of maximal cliques of p^, i.e. stars 
and tops, and we shall show that they are definable and distinguishable in the first 
place. Our reasoning depends on whether k is even or odd. 

2.2 Case 2 /A; 

Let H G Rfc_i, H C B G Rfc +1 . 

Let U G S^iH) i.e. let ff C *7 G Sub fc (V). From E3 rdim(£/) = 1. Conse- 
quently, 

S(H) = S 0C {H). 

Let g = Rad(C7), then q _L U; in particular, q J- H. Since H & H, q ^ H and thus 
U = H ® q with g G -ff -1 . Consequently, an element of S(-ff) is any subspace U of 
the form as above i.e. 

S(H) = {H + q: q is a point, g C i?" 1 }. 

Thus the elements of S(H) can be identified with the elements of Subi(-ff ) i.e. 
with the points of the nondegenerate metric projective space defined over H^~. 

Analogous remarks concern the geometry of T(B) = T (X (5). In particular, we 
can write 

T(B) = < B n q 1 - : q is a point on B >. 
From the above we get: 

(3) if H C B then S(H) P\T(B) = y>^{H,B), so it contains at least two elements. 
One can note that 

p(H, B) ={H®(u):ueP, «/ 6}, where P = H 1 - n B, and P G R 2 . 

The form £ restricted to H 1 - is symplectic, so the points of the metric projective 
space S(H) are simply the points of the corresponding projective space Pi(H- L ); the 
distinction lies in the adopted family of lines. These lines correspond to suitable 
pencils i.e. to B G Rfc+i with H C B. We see that the B above correspond to 
regular 2-subspaces of H 1 - and thus 

(4) the geometry of the restriction of P^(T-R) to S(iJ) is an {n — k)- dimensional 
symplectic copolar space. 

With analogous reasoning we obtain that 

(5) the restriction of Pfe(T-R) to T(B) is a k-dimensional symplectic copolar 
space. 
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Let A be a triangle in P&(T-R). Then, by common projective geometry, its 
vertices are either in a top T(B) =: X or in a star S(B) =: X. Clearly, A, as 
defined in I2.1tflv|) with D\ replaced by Pjt(T-R), is a plane in X. Note that if A' is 
a different triangle in P fc (T-R) and A 7 A A or A 7 A A (cf. 123]) . then A' lies in X 
as well. From the above, (jl]), (jSJ, and 12. life]) , we get that 

A = X, 

A being the set defined in P^(T-R) by formula ([2]). Finally, we get that 

(6) the family of stars and tops is definable in terms of geometry o/Pfc(T-R); by 
(JU) and ([5]), if k ^ n — k, stars and tops are intrinsically distinguishable. 

Let U\, U 2 be distinct points of Pfe(T-R) such that U\ p*> U 2 , and let Ui, U 2 G 
g = p(B,B) G 7? fc ((T-R)). Next, let Wi,W 2 satisfy 

Wu W 2 ~Uu U 2 and W\ £ W 2 . 

Consider the set 

[Bi,B 2 ,Wi,W 2 ]^ :={£/: U f^U 1 ,U 2 ,W 1 ,W 2 }. 
From common projective geometry, as pw-neighbor subspaces are adjacent in the 
projective Grassmannian over *$, there are three possibilities to consider 

- Wi,W 2 G S(B). By EHUD and ©, there are U,W G [Bi,B 2 , W x , W^ such 
that U r/LW. 

- Wi,W 2 G T(B). Analogously, there are U, W G [U 1 ,U 2 ,W ll W 2 ] rd such that 

uj,w. 

- Wi G T(B) \ S(B) and W 2 G S(B) \ T(B) or W 2 G T(B) \ S(B) and Wi G 
S(B) \ T(B). In that case [E/i, B 2 , Wi, W 2 ]„ C p(B, B) and thus 17 ~ W for 
allB,WG[Bi,B 2 ,Wi,W 2 ]„. 

Let U 3 eghe arbitrary; clearly, one can find W ± G T(B)\S(B), W 2 G S(B)\T(B) 
such that Ui,U 2 ,U3 r* W\,W 2 . Write L for the ternary collinearity relation of 
Pfc(T-R). In view of the above analysis, the formula 

(7) L(Ut, U 2 , U 3 ) ^^ U x ~ U 2 A (3 Wi, W 2 ) [ Wi, W 2 ~ L7i, t/ 2 A Wi ^ W 2 A 

(V B, W) [ U u U 2 , Wi, W 2 ~ B, W =► B ~ W] A B 3 ^ U 1: U 2 , Wi, W 2 

defines the relation B in terms of the adjacency ^ for distinct U\,U 2 . Finally, we 
conclude that 

(8) Pfc(T-R) is definable in terms of the adjacency ^. 

2.3 Case 2 | k 

Let H G T fc _i, B G T fe+ i. Set p = Rad(B) and q = Rad(B). 

Note that U G Subfc(B) is regular iff U is a linear complement of q in B i.e. iff 
B = q (BU. This can be written as 

(9) T(B) = {U G R fe : U C B} = {B G Sub fe (B) : g £ B} . 
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It is easy to note that 

(10) 8(H) = {U G R fc : H C U} = [h + (u) : u £ p x \ . 

Indeed, let U = H © (u) with u ^ 9. Suppose that pla; then p _!_ [/ and thus 
C7 ^ R. Conversely, let w G Rad(£7), w ^ 6. Then w e (7, w 1 [/, so w 1 p. If 
w £ H then p _L .ff + (u>) = [7 and thus plu. 1£ w £ H then w -L U D H gives 
it; = p; we get p _L [/ and thus p _L u. 

Assume that H C B. There are two cases to consider 

q G H: Then q J_ B D H gives p = q. For arbitrary U G p oc (i?, 5) we have 
then p G Rad(C7) and thus p(#, 5) = 0. 

q £ H: Then p^g. Set L := p + <? and U := # + <? = iJ + L. Note that L ± L, 
so L £ Q2; moreover, L J- H. From this we obtain Rad(C/o) = L (in particular, 
rdim([/ ) = 2). We have p{H,B) = p 0C (i^, J B) \ {U }. Indeed, let [7 G p ^,^) 
and 17 / C/ . Then q£U and, by ©, U G T(5) and thus U G p(if, S). 

From the above we have the following: 

(11) if H C B then S(H)nT(B) is either empty or it contains at least two elements. 
Let U!,U 2 e R fc . Assume that U 1 nU 2 G Sub fc _i(V). Then Ui + U 2 G Sub fc+1 (V); 

in view of O ^1 H f7 2 , C/i + ^2 G T and thus U lt U 2 G p(L7i n U 2 , C/i + U 2 ). There- 
fore, 

(12) i/ie binary collinearity in Pfc(T-R) coincides with the projective adjacency on 

Rfc- 

Next, note that 

(13) the geometry of restriction of P^(T-R) to a top and to a star is a k-dimen- 
sional and a (n — k)- dimensional resp., affine geometry. 

Indeed, 

The family X := S oc (-ff) has the natural structure of a projective space. The set 
S(H) is obtained by removing the segment [if,p- L ]fe = < U G Pfc(V) : H C U C p x > 

from X (cf. pop ). Computing dimensions we see that [H,p x ]k is a hyperplane in 
7f, which justifies our claim. The induced affine geometry has dimension n — k. 

■ By @, T(B) consists of the hyperplanes in the projective space T tx (i?) which 
omit a point q; this procedure results in a /c-dimensional affine space. 

Let us note a straightforward consequence of (|13p that 

(14) stars and tops are distinguishable in terms 0/^ provided k 7^ n — k. 

The sets S(H) and T(B) both are strong subspaces of Pfc(T-R); in particular, 
they are cliques of the binary collinearity relation pw. Moreover, they are exactly 
the maximal cliques of p*>. This yields that 

(15) the family of stars and tops is definable in terms of the adjacency p^ on (T-R) fc . 

An intersection of two maximal fw-cliques has at least two elements iff one of these 
cliques is a star and another one is a top, and then their intersection is a pencil i.e 
a line of Pfc(T-R). This justifies that 

(16) the structure P^(T-R) is definable in terms of the adjacency ^. 
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2.4 Adjacencies ~_ and ~ + on T 

As we already stated, if 2 | k, then all the three adjacency relations rv, ~_, and ~ + 
coincide on (T-R) fc = R/%. In case k is odd we need more elaboration to get the 
Grassmann space Pfc(T-R) defined in terms of ~_, as well as in terms of ~ + . 

Let 2 J( k and 1 < k < n — 1. We begin our analysis with ~_ on (T-R) fc = TV 
Note that if U ~_ W then U, W are adjacent in the projective Grassmannian over 

Let U\,U2, U 3 be a ~_-clique i.e. let them be pairwise distinct and Ui ~_ Uj for 
distinct i,j = 1,2,3. Consider the set 

[Ui, U 2 , U 3 ]„_ = {U:U~_ U u U 2 , U 3 }. 

By known properties of projective Grassmannians the following possibilities arise. 

(i) U\,U2, U 3 are in a projective pencil g = p cc (H, B); then H £ Rfc-i- 

(ii) (0) fails, but U x , U 2 , U 3 £ S X (H) for some H; then H £ R fc _i. We say that 
Ui,U 2 , U 3 yield a <S-triangle. 

(hi) (UJ fails, but U\,U 2 ,U 3 £ T° C (B) for some B. Since B contains a regular 
subspace U\ n U 2 by II .21 we get rdim(5) < 2 and thus two cases are possible: 

(a) B £ Rfc+i, we say that Ui,U 2 , U 3 yield a T-triangle; or 

(b) Rad(-B) is a line L, we say that U\, U 2 , U 3 yield a T*-triangle. 

In case (UJJ the set [Ui,U 2 ,U 3 ]^_ is a ~_-clique. Indeed, if U,W G [Ui,U 2 ,U 3 ]^_ 
are distinct then U,W £ S(H). 

In case (jmj) the set \U\,U 2 ,U 3 \ ru _ is not a ^_-clique. Consider (jbj first. A 
{k — l)-subspace H of B is regular iff H misses L. On the other hand, a A;-subspace 
U is tangential iff it crosses L in a point (which turns out to be its radical) . Write 
Pi = Lflt/j, then pi,p 2 ,p 3 are pairwise distinct, as the intersections U D C/j are 
regular. Take any point p on L distinct from Pi,p 2 ,p 3 and two W\,W 2 through 
p which do not contain L; then W±,W 2 ~_ U\,U 2 ,U 3 (the intersections W\ n £/j, 
W 2 n C/j miss L) but W\ ?4_ W 2 . Note that ii W U W 3 £ [U U U 2 , U 3 ]^_ and Wi /_ 
W3 then p G W 3 and thus W2 t4_ W 3 . Hence the relation ^_ is transitive on 
[Ui,U 2 ,U 3 ]^_. 

Let us pass to case (jaj) . Then U±,U 2 , U 3 can be considered as points of a suitable 
symplectic copolar space T(2?) = T oc (i3) and we can use known properties of sym- 
plectic projective geometry. So, let tt be the plane spanned in T(B) by Ux,U 2 ,U 3 . 
To justify that [U±, U 2 , U 3 ]^_ is not a ~_-clique it suffices to take on T(B) any line 
through the radical of it and missing U\,U 2 ,U 3 , and distinct points U, W on this 
line. On the other hand bv I2.1[|^cii|) . one can find Wi,W2,W3 £ T(-B) such that 
Ui,U 2 , U 3 ~_ Wi,W 2 ,W 3 , W 2 ~_ W 3 , and W\ /_ W 2 , W 3 . This justifies that i/ie 
relation <^_ is not transitive on [Ui,U 2 ,U 3 ]^_. 

In case (jij, clearly, the set [U\, U 2 , U 3 ]^ is not a ^_-clique. To see this it suffices 
to find U £ S(JET) \ g and W G T oc (5) \ 5 with L7i, U 2 , U 3 ~_ 17, W. Moreover, from 
properties of the copolar space S(H), one can find in S(H) a ~_- clique W\, W 2 , W 3 
which does not fall into case (jij such that U%,U 2 ,U 3 £ [Wi, W 2 , W 3 ]^_. Moreover, 
if B £ Rfc+i then an analogous triple can be found in T(B). 
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In view of the above analysis, a ~_-clique Ui,U2,U 3 forms a 5-triangle iff 
[U\, U2, Ua\^_ is a ~_-clique, so 

(17) the class of S -triangles can be distinguished in terms o/~_. 

Now, T-triangles/T*-triangles can be characterized as ~_-cliques U\,U2,U3 which 
are, firstly, not contained in any [W±, W2, Ws]^_ for a 5-triangle Wi,W2,W 3 and, 
secondly, such that X = \U\, U2, U 3 ]^_ is not a ~_-clique and ^_ is not transitive/is 
transitive on X. Consequently, 

(18) the class of T -triangles and the class of T* -triangles can be distinguished in 
terms of ~_ . 

Let L be the ternary collinearity relation of P^(T-R). Similarly as in ([7]) we can 
write 

(19) L(U t ,U 2 , U 3 ) <=► (3U[,U2, U!s, Ul U%, Ug) [ U{, U' 2 , U 3 is a S-triangle A 
Ul U'l U% is a T-triangle A U 1} U 2 , U 3 G [U[, U' 2 , U^_ n [U? , U%, U%\„_ } . 

By (HZD, (HHJ), and JED we obtain that 

(20) the structure Pfc(T-R) can be defined in terms of the adjacency ~_. 

Clearly, x. maps the relation ~_ on (T-R) fc onto ~ + on (T-R) n _ fe . Thus, (J2T)]) 
with k replaced by n — k yields that 

(21) the structure Pjt(T-R) can be defined in terms of the adjacency ~ + . 
Finally, (|2U|) and (|21|) enable us to conclude with the following. 

(22) The structure Pfc(T-R) can be defined in terms of both ~_ and ~ + on TV 
Consequently, ^ can be defined in terms of ~_ and in terms of ~+ . 

2.5 Connectedness 

We use standard methods to show that automorphisms of binary adjacency preserve, 
or exchange, the two families of its maximal cliques. These methods rely on the 
fact that the adjacency in question is connected. 

For a relation p on (T-R) fc we say that U,W £ (T-R). are p-connected if there 
is a sequence U = Uo, . . . ,Ut = W such that C/j_i p Ui or J7j_i = Ui for i = 1, . . . , t. 

By EUHJ) we easily get that 

(23) the binary collinearity of points of a symplectic copolar space is connected. 

Let k < n - 1, H e (T-R) fc _ l5 and U, W G S(H). If 2 | k then by JT2]), U „ W. If 
2 I k then, by flU and (J23J) , the points U, W of S(H) can be joined in S(H) by a 
polygonal path. This gives the following. 

(24) Let U ~_W. Then U, W are ^-connected. 
In a consequence, we get the following. 

(25) Let U,W G (T-R)*. and U ~_ W. Then there are ^.-connected B',B" G 
(T-R) fc+1 such that U C B' and W C B" . 

Now, it is easy to prove that 

(26) the conclusions of (|24p and of (|25p hold for any ^--connected U,W G (T-R) fc . 
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Let U,W e (T-R) fe . Consider two flags TJ X C • • • C U k = U and W\ C • • • C 
W k = W such that U h Wi G (T-R).. Note that if U t C B\ W { C B" and 
B', B" G (T-R) i+1 then U i+1 ~_ B' and W i+ i ~_ B", so if B\ B" are ~_ -connected 
then Ui+i, Wi + i are ~_-connected as well. Starting from (|2"3"|) and applying, con- 
secutively, ([2SD and the observation above to Ui,Wi, i = 1, . . . , k, by induction, we 
get that U, W are ^-connected. This proves that 

(27) the relation p^ on (T-R) fe is connected. 

2.6 Proofs of the results 

Now we are able to complete the proofs of our theorems from Sec. [T] by gathering 
together the facts proved above. The reasoning is more or less typical for Chow 
type theorems and its crucial step consists in proving that the adjacency structure 
((T-R) fc _ l7 ^) (as well as ((T-R) fe+1 , ~}) is definable in ((T-R) fe ,~). 

Let a\, a 2 be points of 9t such that a\ ^ a 2 . By known properties of symplectic 
polar spaces and l2.1lfi|) . the set {p: (V q) [ai,a 2 7^ Q ==> Q 7^ p]} is the projective 
line through oi, a 2 . Thus the class of lines of *}3 is definable in !H. Finally, 

(28) the metric projective geometry (*p, _L) is definable in JR. 
Fix k with 1 < k < n — 1. Recall that, due to © and ([15]). 

(29) the two structures 9tfc := P^(T-R) and 93/j := ((T-R) fe ,^) are mutually 
definable and consequently Aut(9lfc) = Aut(Q3fc). 

Let 5^ be the family of all the stars and 7~k be the family of all the tops in 9^.. By 
([6]),([8|), and (fT5|) . in both cases 2 | k and 2 j( k the class Sk U 7fc is definable in 93 & 
and thus it remains invariant under automorphisms of 93^. 

Lemma 2.2. Assume that stars and tops in P^(T-R) are distinguishable. 
(i) The families (T-R) fe _ 1 and (T-R) fe+1 are definable in 93^. 

(ii) If k > 1 i/ien P&_i(T-R) can be defined in terms of the binary adjacency 
relation rv on (T-R) fc and consequently, it can be defined in terms of Pfc(T-R). If 
k < n — 1 then P/ c+ i(T-R) can be defined in terms of the binary adjacency relation 
pw on (T-R) fc so, it can be defined in terms of P&(T-R). 

(iii) Each automorphism F of 9^ determines an automorphism F + of 9\k+i 
and an automorphism F~ of 9Kk-l such that U € S(H) iff F(U) G S(F~(H)) 
and U G T(B) iff F(U) G T(F + (B)) for all H G (T-R) fe _ 1; U G (T-R) fe , and 
B G (T-R) fc+1 . 

Proof. (JTJ) It is enough to see that we can identify H G (T-R) fc _ 1 with S(H) and 
B G (T-R) fc+1 with T(B). 

© Let H U H 2 G (T-R) fc _ 1; and B U B 2 G (T-R) fc+1 . Clearly, H x ~+ H 2 iff 
S(ffi) n S(H 2 ) + 0, and dually B x ~_ B 2 iff T(Si) D T(B 2 ) ± 0. By (0) the maps 
S(.) and T(.) are definable, so up to them, the relations: ~ + on (T-R) fc _ 1 and ~_ 
on (T-R) fc+1 are definable in 9^. This together with (|29|) when 2 | {k — 1), and 
together with (|22p when 2 /(fc — 1), proves our statement. 

dTIID By © we have bijections F + of (T-R) fc+1 and F~ of (T-R) fc _ x such that 
T(F+(B)) = F(T(B)) and S{F~{H)) = F(S(H)). Now by © these maps are 
automorphisms as required. □ 
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Proof of Proposition I1.5L The proposition follows directly from Lemma LT21 |nj). 
®, and flU}. D 

PROOF of Theorem 11.41 Assume that k =£ n — k. Then by (jSJ, ([HI) stars and 
tops are definable and distinguishable in D\k- Hence, we can define 9\k-i in % by 
Lemma OJnD. A top of <K fc _i has form {H G (T-R)^: U G S(iT)} for a point 
£7 of £Hfc, so these tops are determined by the points of 9^. Analogously, the stars 
of 9\k+i are determined by the points of OKk- Therefore, the stars and the tops of 
9%fc-l (of 9^fc+i; resp.) can be distinguished. Now, from Lemma LT2"ljnj) by induction 
on k we infer that 9ti, which is £ft up to an isomorphism, can be defined in 9\k- In 
view of (|28p we are through. □ 

Proof of Corollary II. 61 Let F G Aut(*B fe ). In view of (J52J it suffices to show 
that F is induced by a collineation of *p preserving ± and acting on (T-R) fe . 

In case k ^ n — k the proof runs by induction on k via Lemma I2.2[jin|) . So, 
assume that k = m. Note that if X' , X" G <S fc , | A" n X"\ = 1, and F(AT') G 5 fe then 
F(Af") G S fc as well. Indeed, if there were F(X") G 7X then \F{X') n F(#")| = 1 
would contradict ([3]) and (fTTjl - Suppose that -F(Af) G £& for some <Y = S(i7) G <Sfc. 
By d23), for each H' G (T-R) fc _ 1 there is a sequence H = H ~+ • • • ~ + H t = H' 
and then F(S(H')) G S&, so F preserves Sp.. As in the proof of Lemma f2.2l|irij) . 
we consider F + and F~ to justify that F is determined by a collineation of 9t. If 
F(Af ) ^ 5 fc for some Af G S k then F(Af) ^ 5 fc for all X G «S fc , and thus F(X) G 7^ 
for all X G 5^. Let G = F o x; then G G Aut(5Sfc) preserves the families iS& and Tk 
and thus it is determined by a collineation. This completes the proof. □ 

Proof of Theorem 11.71 We have ~ + = ^ for k = 1 and ~_ = ^ for fc = n - 1. 
Consequently, for k G {l,n — 1}, we are done by Theorem 11.41 Let 2 J( k and 
1 < k < n — 1. By (TT7|) and (|P5|) . £& and 7fc can be distinguished in terms of ~_; 
applying the duality x we see that the stars and the tops are distinguishable in 
terms of ~ + as well. As above, from (|22p we get that *Hfe_i can be defined both in 
terms of ~_ and in terms of ~ + on (T-R). . Finally, this observation together with 
Theorem 11.41 and Corollary 11.61 completes the proof. □ 

3 Comments 

We do not pay special attention to geometry of the Grassmannians introduced in 
the paper. Some comments which can be derived immediately from facts established 
in Sec. [2] are in order, though. 

(A) If 2 | k then P^(T-R) is a connected partial linear T-space, whose strong 
(or linear in other words) subspaces are affine spaces. This resembles an affine polar 
space. And indeed, there are connections. The Grassmannian of regular lines in a 
projective 3-space endowed with a symplectic polarity is an affine polar space. In 
general, however, the axiom (3.1.iii) of [5] fails here (and only this one from the 
list (3.1) fails). Moreover, our Grassmannians have maximal strong subspaces of 
two distinct dimensions allowed, while maximal strong subspaces of a polar space 
all have the same dimension. And here, each line is the intersection of exactly two 
maximal strong subspaces which contain it. 
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(B) If we consider the Grassmannian Pfc(T-R) with 2 | k as a part of the 
whole incidence geometry ([T]) then we see that a plane in a strong subspace X is 
determined either by an element of Rfc±2 or by X € Subfc±2(V) with rdim(X) = 2. 
Clearly, there is no way to distinguish these two types within the affine space X. 
Let us consider an " affine geometry" of the form 

21 = (points of X, lines of X,U), 

where II are the regular planes in the above meaning. For any 3-subspace r of 21 
which contains a plane in II the "dual" structure 

({vr en: vr C_r},{L: LcT, Lis a line of 21}, D> 

is an affine 3-space. 

(C) Let 2 / k. Then P^(T-R) is a connected partial linear space which satisfies 
the following variant of the A-axiom (cf. [11, |15j): 

a point not on a line L is collinear with 
none, exactly one, or all except one point on L. 

Let Ai be the family of the maximal subspaces of Pfc(T-R) which are (up to an 
isomorphism) symplectic copolar spaces. The family A4 covers the point set of 
our Grassmannian in such a way that any two elements of A4 intersect in a point, 
in a line, or are disjoint, each line has exactly two extensions to a subspace in 
M, and each clique of collinearity is contained in an element of A4. Very nice 
characterizations of the geometry on elements of A4 can be found, e.g. in [T2] 
and 0. 



We conjecture that starting with the properties (lA]) - (IC|) one can obtain charac- 
terizations of respective Grassmannians in the style of [21] ■ 

References 

BlCHARA A., Tallini G., On a characterization of Grassmann space representing the h- 
dimensional subspaces in a projective space, Ann. Discrete Math. 18 (1983), 113-132. 

Blok R. J., Hoffman C, A quasi Curtis-Tits-Phan theorem, for the symplectic group, J. 
Algebra 319 (2008), no. 11, 4662-4691. 

Buekenhout P., Shult E., On the foundations of polar geometry, Geom. Dedicata 3 (1974), 
155-170. 

Chow W.-L., On the geometry of algebraic homogeneous spaces, Ann. of Math. 50 (1949), 
32-67. 



Cohen A. M., Shult E. E., Affine polar spaces, Geom. Dedicata 35 (1990), 43-76. 

Cohen M. A., Point-line spaces related to buildings, In Handbook of incidence geometry, 
F. Buekenhout, Ed. North-Holland, Amsterdam, 1995, pp. 647-737. 

Cuypers H., Passini A., Locally polar geometries with affine planes, European J. Combin. 
13 (1992), no. 1, 39-57. 

Cuypers H., Symplectic geometries, transvection groups, and modules, J. Combin. Theory Ser. 
A 65 (1994), no. 1, 39-59. 

Dieudonne J., La geometrie des groupes classiques, Springer- Verlag, Berlin, 1971. 



Grassmann spaces over symplectic copolar spaces 16 



[10 

[11 
[12: 
[13: 

[14 

[15; 
[is: 
[17: 
[is: 

[19 

[20 

[21 
[22 



Gramlich R., On the hyperbolic symplectic geometry, J. Combin. Theory Ser. A 105 (2004), 
97-110. 

Hall J. L, Classifying copolar spaces and graphs, Quart. J. Math. Oxford (2) 33 (1982), 
421-449. 

Hall J. I., Graphs, geometry, 3-transpositions, and symplectic F2-transvection groups, Proc. 
London Math. Soc. (3) 58 (1989), no. 1, 89-111. 

Hall J. I., The hyperbolic lines of finite symplectic spaces, J. Comb. Theory Ser. A 47 (1988), 
284-298. 

Lefevre-Percsy C, Geometries with dual affine planes and symplectic quadrics, Linear 
Algebra Appl. 42 (1982), 31-37. 

Lefevre-Percsy C, Copolar spaces fully embedded in projective spaces, Ann. Discrete Math. 
18 (1983), 553-566. 

Pambuccian V., Elementary axiomatizations of projective space and of its associated Grass- 
mann space, Note Mat. 24 (2004/2005), no. 1, 129-141. 

Pankov M., Prazmowski K., Zynel M., Geometry of polar Grassmann spaces, Demonstra- 
tio Math. 39 (2006), no. 3, 625-637. 

Prazmowska M., Prazmowski K., Zynel M., Affine polar spaces, their Grassmannians, 
and adjacencies, Math. Pannonica 20 (2009), no. 1, 37-59. 

Prazmowska M., Prazmowski K., Zynel M., Grassmann spaces of regular subspaces. In 
review. 

Schroder E., Symmetric als fundamentales Prinzip der Geometrie: Entwicklungen der 
Spiegelungsgeometrie im vorigen Jahrhundert, Mitt. Math. Ges. Hamburg 20 (2001), 55-70. 

Tallini G., Partial line spaces and algebraic varieties, Symp. Math., 28 (1986), 203-217. 

Veldkamp F. D., Polar geometry I-IV, Indag. Math. 21 (1959), 512-551. 



Authors' address: 

Malgorzata Prazmowska, Krzysztof Prazmowski, Mariusz Zynel 

Institute of Mathematics, University of Bialystok 

ul. Akadcmicka 2, 15-267 Bialystok, Poland 

malgpraz@math.uwb. edu.pl, krzypraz@math.uwb. edu.pl, mariusz@math.uwb. edu.pl 



